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2 Geometric Crystals and Unipotent Crystals
2.1 Geometric Crystals
$G$ (resp. g) symmetrizable GCM $A=(a_{ij})_{i,j\in I}$ .associate $\llcorner$ Kac-Moody (resp. )
. $G\supset B^{\pm}\supset U^{\pm}\supset T$ Borel subgroup, unipotent subgroup, maximal torus
(Kac-Moody group $[3],[7]$ ,$\mathfrak{g}.\mathrm{g}$. $\text{ }$ ) $\Delta:=\{a’ \in \mathrm{f}^{*}|\alpha\neq 0,\cdot \mathfrak{g}_{\alpha}\neq(0)\}$ root system,
$Q= \sum_{\mathrm{i}}\mathbb{Z}$ \mbox{\boldmath $\alpha$}: root lattice $Q_{+}= \sum_{\mathrm{i}}\mathbb{Z}\geq 0\alpha_{i};\Delta_{+}:=\Delta\cap Q_{+}$ Weyl $W=\langle s:|i\in I\rangle$
(si simple relfection) $W\cong N_{G}(T)/T$ $i\in I$ $\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}1_{1}\mathrm{i}\mathrm{s}\mathrm{m}\phi$i: $SL_{2}(\mathbb{C})arrow G$
$x_{i}(t):=\phi_{i}(\begin{array}{ll}1 t0 1\end{array})=\exp te_{\dot{|}}$ , $y_{i}(t):=$ l $i(\begin{array}{ll}1 0t 1\end{array})=\mathrm{e}\mathrm{x}\mathrm{p}.tf_{i}$ $(t\in \mathbb{C})$ .
$e:,$ $f$i
$w\in W$
$R(w):=\{(i_{1},i2, \cdot.. , i_{l})\in I^{l}|w=s:_{1}s_{i_{2}} ...s:_{1}\}$,
$l$ length of $w$ .
$\mathrm{H}\mathrm{o}\ln(T, \mathbb{C}^{\mathrm{x}})$ . (resp. $\mathrm{H}\mathrm{o}\mathrm{m}$ ( $\mathbb{C}^{\mathrm{x}},$ $T$)). f) $\text{ }T\text{ }$ character (resp. $co$-character) $\mathrm{o}$ mple cO-root
$\alpha_{i}^{\vee}\in \mathrm{H}\mathrm{o}\mathrm{m}(\mathbb{C}^{\mathrm{x}}, T)(i\in I)$ $\alpha_{\dot{l}}^{\vee}$ (t) $:=T_{i}$ pairing $\langle$ $\alpha_{\mathrm{i}}^{\vee},$ $\alpha_{j})=a_{\dot{\iota}j}$ $\text{ }$
$X\text{ }\mathbb{C}\text{ }\mathrm{i}\mathrm{n}\mathrm{d}$-variety, $\gamma:Xarrow T,$ $e$: : $\mathbb{C}^{\mathrm{x}}\mathrm{x}Xarrow X$ $(i\in I)$ ;
$e_{}^{e}$ : $\mathbb{C}^{\mathrm{x}}\mathrm{x}X$ $arrow$ $X$
$(c,x)$ $.\mapsto$ $e_{\dot{l}}^{c}(x)$ ,





$:=s_{i},$ $\cdots s:_{2}(\alpha_{i_{1}})$ word $\mathrm{i}=(i_{1}, i_{2}, \cdots ,i_{l})\in R(w)$
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$\mathrm{r}\dot{\mathrm{a}}$tional morphism $e_{\mathrm{i}}$ : $T\mathrm{x}Xarrow X$ . $\text{ }$
$(t, x)\mapsto e_{\mathrm{i}}^{t}(x):=e_{i_{1}}^{\alpha^{(1)}(t)}e_{\dot{\tau}_{2}}^{\alpha^{(2)}(\mathrm{t})}$ . . . $e_{l}^{\alpha^{(1)}(i)}\dot{.}(x)$ .
Definition 2.1. (i) 3 $\chi=$ ( $X,\gamma,$ {ei}icI) geomettic crystal $e^{1}(x)=x$
$\gamma$(e2(x)) $=\alpha_{i}^{\vee}(c)\gamma$(x), (2.1)
, $w\in W,$ $\mathrm{i}$ $\mathrm{i}’\in R(w)$
$e_{\mathrm{i}}=e_{\mathrm{i}’}$ . (2.2)
(ii) $(X,\gamma x, \{e_{i}^{X}\}_{1\in I}.),$ (Y, $Y,$ $\{e_{\dot{l}}^{Y}\}:\in I$) geometric crystal $\text{ }$ rational morphisni $f$ : $Xarrow Y$
moprh $m$ of geomettic crystals $f$ :
$f\circ e_{i}^{X}=e_{i}^{Y}\circ f$ , $\gamma X=\gamma \mathrm{o}f$.
morphism $f$ $\mathrm{i}\mathrm{n}\mathrm{d}$-vareities birational isomorphism $f$ omorphism of
geometric crystals $\text{ }$
:
Lemma 2.2. (2.2)
$e_{\dot{l}}^{\mathrm{c}_{1}}e_{j}^{\mathrm{c}_{2}}=e_{j}^{\mathrm{c}_{2}}e_{1}^{\mathrm{c}_{1}}$. if $(.\alpha_{i}^{\vee}, \alpha j)=0$ ,
$e_{i^{1}}^{\mathrm{c}}e_{j^{1}}^{\mathrm{c}\mathrm{c}2}e_{i}^{\mathrm{c}_{2}}=e_{J}^{\mathrm{c}_{2}},e_{j}^{c_{1}\mathrm{c}_{2}}e_{j}^{\mathrm{c}_{1}}$ if { $\alpha_{i}^{\vee},$ $\alpha j\rangle=\langle$c $j\vee$ , $\alpha i\rangle$ $=-$ l,
$e_{\dot{l}}^{\mathrm{c}_{1}}e_{j}^{\mathrm{c}_{1}^{2}\mathrm{c}_{2}}e_{\dot{\iota}}^{\mathrm{c}_{1}\mathrm{c}_{2}}e_{j}^{\mathrm{c}_{2}}=e_{j^{2}}^{\mathrm{c}}e_{i^{1}}^{\mathrm{c}\mathrm{c}_{2}}e_{j^{1}}^{\mathrm{c}^{2}\mathrm{c}_{2}}e_{1}^{\epsilon_{1}}$. if $\langle\alpha_{\dot{2}}^{\vee}, \alpha j\rangle=-2,$ $\langle\alpha_{j}^{\vee}$ , $\alpha i)=-1$ ,
$e_{i}^{\mathrm{c}_{1}}e_{j^{1}}^{\mathrm{c}^{2}\mathrm{c}_{2}}e_{i}^{\mathrm{c}_{1}^{3}\mathrm{c}_{2}}e_{j}^{c_{1}^{3}c_{2}^{2}}$ e$i\mathrm{c}_{1}\mathrm{c}_{2}$ e$j\mathrm{c}_{2_{=e_{j}^{\mathrm{C}_{2}}e_{i}^{\mathrm{c}_{1}\mathrm{c}_{2}}e_{j^{1}}^{\mathrm{c}^{3}\mathrm{c}_{2}^{2}}e_{1}^{\mathrm{c}_{1}^{3}\mathrm{c}_{2}}e_{j}^{\mathrm{c}_{1}^{2}\mathrm{c}_{2}}e_{i}^{\mathrm{c}_{1}}}}$. if $(\alpha_{i}^{\vee},$ $\alpha j\rangle=-3,$ $\langle\alpha_{j}^{\vee}, \alpha i\rangle=-1,$
$\mathrm{R}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{r}\mathrm{l}\sigma$ . $\langle\alpha_{\mathrm{i}}^{\vee}, \alpha_{j}\rangle\langle\alpha_{\check{j}}, \alpha_{i}\rangle\geq 4$ $e$: $e_{j}$
$U^{+}$ $U$ $\mathrm{K}\mathrm{a}\mathrm{c}- \mathrm{M}\dot{\mathrm{o}}\mathrm{o}\mathrm{d}\mathrm{y}$ groups unipotent cr taUs. (see [1])
Definition 2.3. $X$ $\mathbb{C}$ $\mathrm{i}\mathrm{n}\mathrm{d}$-variety, at : $U\mathrm{x}Xarrow X$ $\{\mathrm{e}\}\mathrm{x}X$ $U$-action
pair $\mathrm{X}=$ $(X, \alpha)$ $U$-variety $U$-varieties $\mathrm{X}$ =(X, $\alpha x$ ) $\mathrm{Y}=$ ($Y,$ $\alpha$Y)
rational morphism $f$ : $Xarrow Y$ $U$-molh m $U$-action $\text{ }$
$B^{-}=U^{-}T$ $U$-variety structure $B^{-}$ $G$ $\mathrm{i}\mathrm{n}\mathrm{d}$-subgroup $G$
multiplication map open $\mathrm{e}\mathrm{m}\mathrm{b}\mathrm{e}\mathrm{d}\mathrm{d}.\mathrm{i}\mathrm{n}\mathrm{g};B^{-}\mathrm{x}U$ \leftrightarrow G induce birational isomorph m
inverse birational isomorphism
$g:Garrow B^{-}\mathrm{x}$. $U$.
. ratioixal morphisms $\pi^{-}$ : $Garrow B^{-}$ $\pi:Garrow U$ $\pi^{-}:=\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{B^{-}}\circ g$ $\pi:=\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{U}\circ g$
$B^{-}$ rational $U$-action $\alpha_{B}-$
$\alpha B-:=\pi^{-}$ o’$n:U\mathrm{x}B^{-}.arrow B^{-}$ ,
($ln$ multiplication map in $G$), $U$-variety $\mathrm{B}^{-}=(B^{-}, \alpha_{B}-)$ $\circ$ $\text{ }$
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Definition2.4. (i) $\mathrm{X}=(X, \alpha)$ $U$-variety, $f$ : $Xarrow \mathrm{B}^{-}$ $U$-morphism pair
$(\mathrm{X}, f)$ unipotent $G$-crystal
(ii) $(\mathrm{X}, fx^{r})$ $(\mathrm{Y}, f_{Y})$ unipotent crystals $U$-morphism $g$ : $Xarrow Y$ morphism
of unipotent $c\gamma stals$ $fx=f_{Y}\mathrm{o}g$ $g$ $\mathrm{i}\mathrm{n}\mathrm{d}$-variety birational
isomorphism isomorphism of unipotent crystals $\circ$
unipotent crystal crystal base
$[1],[5]$
unipotent crystal geometric crystal
$i\in I$ $U_{i}^{\pm}:=U^{\pm}\cap\overline{s}_{i}U^{\mp}\overline{s}_{i}^{-1},$ $U_{\pm}^{i}:=U^{\pm}\cap\overline{s}_{i}U^{\pm}\overline{s}_{i}^{-1}$ $U_{\dot{l}}^{\pm}=U\pm\alpha_{i}$ .
$U^{-}=U_{-\alpha:}\cdot U_{-}^{i}$ ,
canonical projection $\xi_{i}$ : $U^{-}arrow U_{-\alpha:}$ $U^{-}$
$\chi$i $:=y_{\dot{t}}^{-1}\mathrm{o}\xi$i: $U^{-}arrow U_{-\alpha_{i}}arrow \mathbb{C}$
$\chi_{1}$
. $(u\cdot t):=\chi_{i}(u)$ ($u\in U^{-},$ $t$ \in T) $B^{-}$ unipotent
$G$-crystal(X, $f.x$ ) $\varphi_{i}:=\varphi_{i}^{X}$ : $Xarrow \mathbb{C}$
$\varphi$i $:=\chi$i $.\mathrm{o}f_{X}$ ,
ratinml morphism $\gamma x$ : $Xarrow T$
$\gamma$X $:=\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{T}\circ f_{X}$ : $Xarrow B^{-}arrow T$, (2.3)
( $\mathrm{p}\mathrm{r}.\mathrm{o}$jT canonical projection). $\varphi_{i}$ $X$ ’ 0 $\text{ }$
morphism $e_{j}$ : $\mathbb{C}^{\mathrm{x}}\cross Xarrow X$
$e_{i}^{\mathrm{c}}(x):=x_{i}( \frac{c-1}{\varphi_{i}(x)}$ ) $(x)$ . (2.4)
:
Theorem 2.5 ([1]). (X, $fx’$ ) unipotent $G$-crystal $i\in I$ $\varphi_{i}$ $X$
0 rational $morphisms.\gamma_{X}$ : $Xarrow T$ $e$: : $\mathbb{C}^{\mathrm{x}}\mathrm{x}Xarrow X$
$(X,\gamma x, \{e_{i}\}_{i\in I})$ $geomet7\dot{\tau}cG$-crystal
2.3 Crystals
“Crystal” crystal bases
Definition 2.6. Crystal $B$
$wt:Barrow P$,
$\mathcal{E}$: : $Barrow$. $\mathbb{Z}\mathrm{U}\{-\infty\}$ , $\varphi$-: $Barrow \mathbb{Z}\mathrm{u}\{-\infty\}$ for $i\in I$ ,
$\overline{e}-$ : $B$ $\{0\}arrow B\mathrm{u}\{0\}$ , $\overline{f_{i}}$ : $B\mathrm{u}\{0\}arrow B\coprod\{0\}$ for $i\in I$ ,
$\overline{e}_{\dot{l}}(0)=f_{\dot{\mathrm{t}}}^{\sim}(0)=0$ .
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maps $b,$ $b_{1},$ $b_{2}\in B$ $\backslash$.
$\varphi$i $(b)=\epsilon_{i}(b)+\langle h_{i}, wt(b)\rangle$ , (2.5)
$wt(\tilde{e}_{i}b)=wt(b)+\alpha_{i}$ if $\tilde{e}_{\dot{l}}b\in B$ , (2.6)
$wt(\tilde{f_{i}}b)=wt(.b)-\alpha_{i}$ if $\tilde{f_{i}}b\in B$ , (2.7)
$\tilde{e}_{i}b2=b_{1}\Leftrightarrow\overline{f_{i}}b_{1}=b_{2}$ $(b_{1}, b_{2}\in B).$’ (2.8)
$\epsilon_{i}(b)=-\infty\Rightarrow\tilde{e}_{i}b=\tilde{f_{i}}b=0$ . (2.9)
$\tilde{e}_{i}$
$\tilde{f_{\dot{l}}}$ Kashiwara operators $(L, B)$ crystal base $B$ crystal.
2.4 Positive structure and Ultra-discretizations/.Ropicalizations
“Positive structure” ([1],[4] ).
$T=(\mathbb{C}^{\mathrm{x}})^{l}$ algebraic torus, $X^{*}(T).\cong \mathbb{Z}^{l}$ (resp. $X_{*}(T)\cong \mathbb{Z}^{l}$ ) $T$ lattice of characters (resp.
$\mathrm{c}\mathrm{o}$-characters) $\text{ }R:=\mathbb{C}(c)$ map $v$ :
$v$ : $R\backslash \{0\}$ $arrow$ $\mathbb{Z}$
$f(c)$ $\mapsto$ $\deg(f(c))$ .
$fi,$ $f_{2}\in R\backslash \{0\}$ :
$v(f1f_{2})=v(fi)+$ v(f2), $v( \frac{f_{1}}{f_{2}})=v(f_{1})-v(f_{2})$ (2.10)
$f=$ $(f_{1}, \cdots , f_{n})$ : $Tarrow T’$ rational morphism $(T=(\mathbb{C}^{\mathrm{x}})^{m}, T’=(\mathbb{C}^{\mathrm{x}})^{n})$ map $\hat{f}:X_{*}(T)arrow$
$X_{*}(T’)$ :
$(\hat{f}(\xi))(c):=$ ( $\mathrm{c}^{v(f_{1}(\zeta(c))},$ $\cdots$ , cv(f $(\xi(\mathrm{c})))$ ),
$\xi(\mathrm{c}):=(\mathrm{c}^{l_{1}}$ , $\cdot$ . . , $dm)\in X_{*}(T)$ $T$ $\mathrm{c}\mathrm{o}$-character. $v$ (2.10) , map $\hat{f}$
additive group homomorphism.
Rational function $f(c)\in \mathbb{C}(c)(f\neq 0)$ positive $f$
Remark. $f(c)\in \mathbb{C}(c)$ positive $\Leftrightarrow f(a)>0(\forall a>0)$ (by M.Kashiwara).
$f1,$ $f_{2}\in\dot{\mathbb{C}}(\mathrm{c})(\subset R)$ $\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}\Rightarrow(2.10)$ :
$v(fi+f_{2})= \max(v(f_{1}),v(f_{2}))$ . (2.11)
Definition 2.7 ([1]). 2 algebraic tori $T,$ $T’$ rational morphism. $f=$ ( $f_{1},$ $\cdots,$ $f$n): $Tarrow T’$
positive , 2 :
(i) $\mathrm{c}\mathrm{o}$-character $\xi:\mathbb{C}^{\mathrm{x}}arrow T$ , ${\rm Im}(\xi)\subset \mathrm{d}\mathrm{o}\mathrm{m}(f)$ .
(ii) c0–character $\xi$ : $\mathbb{C}^{\mathrm{x}}arrow T$ , $f_{:}(\xi(c))(i\in I)$ positive rational function.
$\mathrm{M}\mathrm{o}\mathrm{r}^{+}$ $(T,T’)$ $T$ $T’$ positive rational morphism :
Lemma 2.8 ([1]). positive rationd morphisms $f\in \mathrm{M}\mathrm{o}\mathrm{r}^{+}(T_{1},T2)$ , $g\in \mathrm{M}\mathrm{o}\mathrm{r}^{+}(T_{2}, T3)$
$g\circ f$ $\mathrm{M}\mathrm{o}\mathrm{r}^{+}$ $(T_{1},T3)$ .
Lemma 2.8 , object .algebraic tori arrow positive rational morphism category
$\tau_{+}$ -’
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Lemma 2.9 $(.[1])$ . $\text{ }$ algebraic to $T_{1},$ $T_{2},$ $T_{3}$ , positive rahonal morphisms $f\in \mathrm{M}\mathrm{o}\mathrm{r}^{+}(T_{1}, T2)$,
$g\in \mathrm{M}\mathrm{o}\mathrm{r}^{+}(T_{2},T3)$ l $\overline{g\circ f}=\hat{g}0\hat{f.}$
, functor $\mathcal{U}D$ :
$\mathcal{U}$D: $\mathcal{T}_{+}$ $arrow$ $\mathfrak{S}\mathrm{c}\mathrm{t}$
$T$ $\mapsto$ $X_{*}(T)$
$(f : Tarrow T’)$ $\mapsto$ $(\hat{f}:X_{*}(T)arrow X_{*}(T’)))$
tional isomorphism $\theta:T’arrow X$ $\chi$ positive structure ‘
(i) rational morphism $\gamma 0\theta:T’arrow T$ $\theta^{\mathrm{S}}$ positive.
(ii) $i\in I$ $e_{i,\theta}(c, t):=\theta^{-1}\circ e_{\dot{\mathrm{a}}}^{\mathrm{c}}\circ\theta(t)$ rationml morphism $e:,\theta-\cdot$ $\mathbb{C}^{\mathrm{x}}\mathrm{x}.T’arrow T’$
positive.
$\theta$ positive strucutre functor $\mathcal{U}D$ positive rational morphisms $e_{i,\theta}$ : $\mathbb{C}^{\mathrm{x}}\mathrm{x}T’arrow T’$
$\wedge/0\theta$ : $T’arrow T$ apply :
$\tilde{e}i$ := $\mathcal{U}D(e_{i,\theta})$ : $\mathbb{Z}\mathrm{x}X_{*}(T)arrow X_{*}(T)$
$\tilde{\gamma}$ $:=$ $\mathcal{U}D(\gamma 0$ : $X_{*}(T’)arrow X_{*}(T)$ .
Theorem 2.11. Geomet $\mathrm{c}$ crystal $\chi=$ ($X,\gamma,$ $\{e_{\dot{\mathrm{t}}}\}_{i}$\in I) positive structure $\theta$ : $T’arrow X$
$\mathcal{U}D\theta.T^{l}(\chi)=(X*(T’), \gamma\tilde, \{\tilde{e}_{i}\}:\in I)$ ffee $W$-crystal(see $f$l, 2. $Parrow f$).
Functor $\mathcal{U}D$ “ultra-discoetization” [1] “tropicalization”
$B$ crystal $\mathcal{U}D(T)\cong B$ $T$ in $\tau_{+}$ , $T$ $B$
tropicdization
3 Geometric crystals on unipotent groups
semisimple algebraic group $G$ unipotent subgroup $U^{-}$ $\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}/\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{p}\mathrm{o}\mathrm{t}\mathrm{e}\mathrm{n}\mathrm{t}$ crystal
3.1 $\mathrm{U}\mathrm{n}\mathrm{i}\mathrm{p}\mathrm{o}\mathrm{t}\mathrm{e}\mathrm{n}\mathrm{t}/\mathrm{G}\mathrm{e}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}$ crystal. structure on $U^{-}$
Borel subgroup $B^{-}$ unipotent subgroup $U^{-}$ $G$ lnultiplication map $m$ inverse
birationml isomorphism $h:Garrow U^{-}\mathrm{x}B$ induce $U$-variety $\circ$ $\mathrm{U}^{-}=$
( $U^{-}$ , \mbox{\boldmath $\alpha$} -) $\pi^{--}:=\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{U}$-o $h$ $U^{-}$ $U$-action $\alpha_{U}-$
$\alpha_{U^{-}}:=\pi^{--}\mathrm{o}m:U\mathrm{x}U^{-}.arrow U^{-}\wedge$.
$U^{-}$ unipotent $\mathrm{c}$.rystal structure $U$-morphism $F$ : $U^{-}arrow B^{-}$ $h\cdot:Garrow$
$\dot{U}^{-}\mathrm{x}B$ induce projection $\pi^{0}$ : $Garrow T$
$\pi^{-}(x)$ $=\pi^{--}(x)\pi^{0}(x)$ $(x\in G)$ . (3.1)
$U$-morphism $F$
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Lemma 3.1. $\mathcal{T}:U^{-}arrow T$ rational morphism -.
$\mathcal{T}$ ( $\pi^{--}$ (xu)) $=\pi^{0}$ (xu) $\mathcal{T}$ (u), for $x\in U$ and $u\in U^{-}$ (3.2)
morphism $F:U^{-}arrow B^{-}$
$F$ : $U^{-}$ $arrow$ $B^{-}$
(3.3)
$u$ $\mapsto$ $u\mathcal{T}(u)$ ,
$F$ $U$-morphism $U^{-}arrow B^{-}$ $\circ$
Semisimple $G$ rationml morphism $\mathcal{T}$
$\Lambda_{\dot{\mathrm{t}}}\in.P_{+}$ $(i=1, \cdots, n)$ fundamental weight, $L(\Lambda_{i})$ $\Lambda_{i}$ highest weight irreducible
highest weight $\mathfrak{g}$-module ($\mathrm{g}[]\mathrm{h}$. $G$ Lie algebra), $u_{\Lambda_{:}}$ (resp. $v_{\Lambda_{:}}$ ) highest (resp. lowest) weight
vector $L^{*}(\Lambda_{i})$ $L(\Lambda:)$ contragradient module, $v_{\Lambda}^{*}:\in L^{*}(\Lambda_{i})$ .-
$\langle u, v_{\Lambda;}^{*}\rangle=\{$
$c$ if $u=cv_{\Lambda_{i}}$ ,
0otherwise.
$f_{i}$ : $U^{-}arrow \mathbb{C}(.i\in I)$ :
$f:(g)=\langle$g. $u_{\Lambda_{:}},v_{\Lambda}^{*}\rangle$:. (3.4)




morphism $F:U^{-}arrow B^{-}$ -.
$F(u):=u \cdot.\prod_{1\in t}\alpha_{\dot{l}}^{\vee}(f_{i}(u)^{-1})$
. (3.6)
Lemma 3.2. Morphism $F:U^{-}arrow B^{-}$ $U- mo\eta hism$.
-.
Corollary 3.3. $G$ semi-simple , $(\dot{U}^{-}, F)$ unipotent crystal.
$\varphi_{i}$ : $U^{-}arrow \mathbb{C}$ 0 Theorem 2.5 $U^{-}$ unipotent crystal
geometric crystml $\text{ }$ morphisms e- : $\mathbb{C}^{\mathrm{x}}\mathrm{x}.U^{-}arrow U^{-}$ $\gamma_{U^{-}}$ : $U^{-}arrow T$
:
$e_{*}.(c,u).=e_{\dot{l}}^{\mathrm{c}}(u):=x_{\dot{\iota}}( \frac{c-1}{\varphi_{\dot{l}}(u)})(u)$ , $\gamma$U-(u) $:=\mathcal{T}$(u), ($u\in U^{-}$ and $c\in \mathbb{C}^{\mathrm{x}}$ ), (3.7)
Theorem 3.4. $G\theta^{\mathrm{f}}$ semi-simple $r_{\mathrm{J}}\sigma_{2}\mathrm{t}\mathrm{f}_{\text{ }}(U^{-},\gamma_{U}-, \{\mathrm{e}_{1}.\}_{i\in I})\cdot\dagger \mathrm{f}$ geometric crystal.
4 $SL_{n+1}(\mathbb{C})-$case
$SL_{n+1}(\mathbb{C})$ -case
Unipotent subgroup $U^{-}$ diagonal part identity matrix
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morphism $\mathcal{T}$ : $\mathcal{U}^{-}arrow \mathcal{T}$ $u=(a_{ij})_{1\leq i,j\leq n+1}\in U^{-}$
$u^{(i)}$ $(i\in I$ :={1, $\cdot$ . . , $n\})$ submatrix .
$u(i):=(a_{i,j})_{n-i+2\leq i\leq n+1,1\leq j\leq i}$ ,
$u=(\begin{array}{lll}1 1 0 \fbox 1\end{array})\vee\in U^{-}$
:
$m_{\mathrm{i}}(u)$ :=det(u(i)) normalization
Lemma 4.1. $f_{:}\equiv m_{i}$ on $U^{-}$ for all $i=1,$ $\cdots$ , $n$ .
$e_{i}^{\mathrm{c}}$ $U^{-}$ -.
$e_{1}^{c}.(u)=x_{i}( \frac{\varphi_{\dot{l}}(u)}{c-1})\cdot u\cdot x_{i}(\frac{1-c}{c\varphi_{\mathrm{i}}(u)})$ . $\alpha_{j}^{\vee}$ (C)-1.$\cdot$








$(\mathbb{C}^{\mathrm{x}})\underline{n}\mapsto \mathfrak{n}_{2}+1$ $arrow\sim$ $B^{u}$ ,
$a=(a_{1j}.,)$ $\mapsto$ $Y(a)$ .
$\backslash$ birational isomorphism $\theta$ : ( $\mathbb{C}^{\mathrm{x}}\rangle^{[perp] nn_{\frac{+1)}{2}}}arrow B^{u}-U^{-}$ induce -.
Lemma 4.2. $\varphi$i $(Y(a))= \sum 1=1$ ak,i, $f_{i}(Y(a))= \prod_{k=1}^{\dot{\iota}}\prod j=-k+k$ ak1j.
htional action $e_{\dot{\iota}}^{\alpha}$ : $B^{u}arrow B^{u}$ :
Proposition 4.3. $e_{\dot{l}}^{a}Y((ak,j)_{\iota\leq k\leq j\leq\hslash})=Y((a_{k,j}’)_{1\leq k\leq j\leq n})$ ,
$a_{k,j}’:=\{$









$c_{k}^{(\cdot\}}.:= \frac{\alpha(a_{1,i}+\cdots+a_{k,*})+a_{k+1_{1}*}+\cdots+a_{\dot{\mathrm{t}},i}}{a_{1,i}+\cdots\dotplus a_{i},1}..\cdot$ $(1\leq k\leq i\leq n)$ .
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birational isomorphism :
$\xi$ : $(\mathbb{C}^{\mathrm{x}})^{\cup \mathrm{n}’\iota_{2}+1}$ $arrow$ $(\mathbb{C}^{\mathrm{x}})^{\frac{n(n+1}{2}}-$
’
$(a_{i_{1}j})_{1\leq i\leq j\leq n}$ $\mapsto$ $(A_{i,j})_{1\leq i\leq j\leq n}$
$A:,j:= \frac{a_{i,j-1,j-1}a_{l}\cdots a_{1,j-\dot{\iota}+1}}{a_{i-1,j}a_{i-2,j-1}\cdots a_{1,j-\mathrm{i}+2}}$
$(1\leq i\leq j\leq n)$ .
Inverse morphism :
$a_{i,j}:=. \cdot\frac{A_{i,j}A_{i-1,j}\cdots A_{1,j-}}{A_{-1,j-1}A_{i-2,j-1}\cdots A_{1,j-1}}$ $(1\leq i\leq j\leq n)$ .
:
$\xi\circ e_{i}^{\alpha}\circ\xi^{-1}$ : $(\mathbb{C}^{\mathrm{x}})^{[perp] \mathfrak{n}n_{\frac{+1}{2}1}}$ $arrow$ $(\mathbb{C}^{\mathrm{x}})\underline{\#}*^{n+\lrcorner 1}$ ,
$(A_{k,j})_{1\leq k\leq j\leq n}$ $\mapsto$ $(A_{k,j}’)_{1\leq k\leq j\leq n}$ ,
$A_{k,j}’=\{$
$A_{k,j}$ if $j\neq i,$ $i-1$
$a_{k}^{(i)}’\cdot A_{k,i-1}\alpha_{k}^{(i)^{-1}}\cdot A_{k,i}$ $\mathrm{i}\mathrm{f}j=i-1\mathrm{i}\mathrm{f}j=i$
$\alpha_{k}^{(i)}=\frac{\alpha\sum_{1\leq j\leq k}\frac{\prod_{l_{-}^{-}1}^{j}A_{l,i}}{\prod_{l_{-}^{-}1}^{j-1}A_{l,i-1}}+\sum_{k<j\leq \mathrm{i}}\frac{\prod_{l_{-}^{-}1}^{j}A_{l,i}}{\prod_{l_{-}^{-}1}^{j-1}A_{l,1}1-}}{\alpha\sum_{1\leq j\leq k-1}\frac{\prod_{l_{-}^{-}1}^{j}A_{l,\dot{\iota}}}{\prod_{l=1}^{j-1}A_{l,i-1}}+\sum_{j=k}^{\dot{l}}\frac{\prod_{l_{-}^{-}1}^{j}A_{l,i}}{\prod_{l=1}^{j-1}A_{l,\mathrm{i}-1}}}.$ . (4.3)
, $\hat{\theta}:=\theta 0\xi^{-1}$ : (Cx)\leq \mbox{\boldmath $\nu$} \rightarrow \epsilon -l $(\mathbb{C}^{\mathrm{x}})^{\lrcorner}+^{1}\mathit{1}\thetaarrow U^{-}\mathrm{B}\mathrm{B}$
Theorem 4.4. Morph m $\hat{\theta}$ geometric crystal $U^{-}$ positive structure $\text{ }$
5 Geometric Crystals on $U^{-}$ and generalized Young Tableaux
5.1 Crystal structure on Young tableaux
Young tableaux crystal structure ([2]). $\lambda=(\lambda_{1}, \lambda 2, \cdot.., \lambda_{n})$
$B(\lambda)=$ { $(B_{,j})=$ Young talbeau of shape $\lambda$ with entries 1, 2, $\cdots$ , $n+1$ },
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$\beta_{k}^{(i)}$ if $j=i$ ,
$-\beta_{k}^{(i)}$ if $j=i+1$ ,
0otherwise
$\beta_{k^{\mathrm{r}}}^{(}$” $=$ $\max(\beta+\max 1\leq j\leq k(\sum_{l=1}^{j}B_{l,i+1}-\sum_{l=1}^{j-1}B_{l_{1}i}),$
$k \max_{<j\leq 1}$. $( \sum_{l=1}^{j}B_{l,i+1}-\sum_{l=1}^{j-1}B_{l,:}))$
$- \max$ ($\beta+\mathrm{m}\mathrm{a}1\leq j<5$ $( \sum_{l=1}^{j}B_{l,i+1}-\sum_{l=1}^{j-1}B_{l,i}),$ $k$? $j\leq|\mathrm{a}\mathrm{x}$. $( \sum_{l=1}^{j}B_{l,i+1}-\sum_{l=1}^{j-1}B_{l,i})$ ) $.(1\leq k\leq i)$ ,
$\beta\}+1i)$ $=$ 0
Remaxk. $\beta_{k}^{(i)}$ $B_{i,i}.’ B_{i+1,i+1}$
5.2 Generahzed Young tableau and its explicit crystal structure





$\sum_{i\leq j\leq k}B:_{\mathrm{I}}j\geq\sum_{i+1\leq j\leq k+1}B_{i+1,j}$
,
$B_{\dot{\iota},j}$ :





$B\#$ crystal $v=(B_{i,j})\in B\#$ .
$b_{k}^{(i)}(v):= \sum_{1\leq l\leq k}B_{l,i+1}-\sum_{1\leq \mathrm{t}\leq k}.\cdot B_{l,i}$
,
$\{$
$\epsilon_{\mathrm{i}}$ (t) $:= \max_{1\leq k\leq_{n}*}.\{b_{k}^{(i)}(v)\}$ ,
$wt(v):=-. \cdot\sum_{=1}( \sum_{\mathrm{z}\leq k\leq i,:+1\leq \mathrm{j}\underline{<}\pi+1}B_{k,j})\alpha_{i}$
,
$.\varphi_{i}(v):=\langle h$:, $w.t(v))+6i(v)$ .
.(5.2)
$m:=m_{i}(v):= \min\{k|1\leq k\leq i, b_{k}^{(\cdot)}.(v)=\epsilon_{\dot{\iota}}(v)\}$ ’.
$M_{1}$. $=M_{i}(v):= \max\{k|1\leq k\leq i, b_{k}^{(i)}(v)=\epsilon_{i}(v)\}$.
Kashiwara operator $\tilde{e}_{\dot{\iota}},\overline{f}_{\dot{l}}$ $v=(B_{i,j})$ -.
$\tilde{f_{i}}$ : $\{$
$B_{k_{1}j}arrow B_{k,i}$ if $(k,j)$ $\neq(M_{1}., i),$ $(M_{i},i+1)$
$B_{M:},|$. $arrow B_{M\dot{.},i}-1$ if $(k,j)$ $=(M_{i_{1}}i)$
$B_{M_{\mathrm{i}},i+1}arrow B_{M.,+1}.|.+1$ if $(k,j)=(M_{\dot{\iota}}, i+1)$
(5.3)
$\tilde{e}_{1}.$ : $\{$
$B_{k,j}arrow B_{k,:}$ if $(k,j)\neq(m_{*}., i),$ $(m_{i},i+1)$ ,
$B_{m:1},\cdotarrow B_{m.1:}.+1$ if $(k,j)=(m_{i}, i)$
$B_{m:,i+1}arrow$ B$m$:,i$+1-1$ if $(k,j)=(m_{i}, i+1)$
(5.4)
Theorem 51. (5.2), (5.3), (5.4) $B\#$ crystal
Remark. $\tilde{e}_{i}$ subsection $\tilde{e}_{i}^{\beta}$ $\beta=1$ $\overline{f_{1}}$. $=\tilde{e}_{i}^{-1}$ .
$.B\#$ crystal graph connected
crystal $B\#$ tropicalization $U^{-}$ , geometric crystal ( $\Leftrightarrow U^{-}$ geometric crystal
ultra-discretization crystal $B\#$ ) $\alpha_{k}^{(\dot{\mathrm{a}})}$ (4.3) $\beta_{k}^{(i)}$
(5.2) :




Theorem 5.2. $\mathcal{U}D(U^{-})=B\#$ .
153
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